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1 Introduction

We give a new complete! proof of Kakutani’s fixed point theorem. In comparison
with earlier complete proofs of Brouwer’s and Kakutani’s fixed point theorems (to
a greater or lesser extent depending on the proof) our argument has several ad-
vantages. It is elementary. It is direct, arriving at Kakutani’s theorem without an
intermediate stop at Brouwer’s theorem. It is based on game theoretic concepts, so
it is complementary to the goals of instruction in theoretical economics.

There is a novel class of algorithms based on the proof that are simple to imple-
ment and flexible, and have various advantages in comparison with other algorithms.
Numerical tests suggest that in practice the algorithms are quite fast and succeed
on some types of problems for which other algorithms are unsuitable.

The proof also uses a new class of two person games in normal form, called
imitation games, in which the two players’ sets of pure strategies are “the same”
and agent 2’s goal is to choose the same pure strategy as player 1. We call agent
1 the mover and agent 2 the imitator. These games play a role in the proof and
the algorithms. It turns out that they have several other interesting properties.
They are useful in the analysis of the complexity of certain problems related to two
person games and provide new insights into the Lemke-Howson algorithm (Lemke
and Howson (1964)) for a computing Nash equilibrium of two person games.

Very briefly, our proof and the associated computational procedure have the
following description. Suppose that C is a nonempty compact convex subset of
an inner product space and that F': C — C' is an upper semicontinuous convex
valued correspondence. Starting from any initial point z; € C, we recursively

define sequences {z,,} and {y,,} by choosing y,, € F(x,,) arbitrarily, then setting

m
m
Tm+1 = E PjYjs
J=1

where (., p™) is a Nash equilibrium of the imitation game in which the common

set of pure strategies is {x1, ... , T, }, the mover’s payoff matrix is the m x m matrix

!The term ’complete’ is intended to distinguish proofs “from scratch” from those (e.g., Shapley
(1973a) and Shapley (1973b), Shapley and Vohra (1991), Herings (1997)) in which simple arguments
are used to pass between members of the family of results that includes Kakutani’s theorem, the
KKMS theorem, the existence of a competitive equilibrium for an exchange economy, and the
existence of a core point of a balanced NTU game.



A with entries
ai; = — |z — y5l%,

and (due to the definition of an imitation game) the imitator’s payoff matrix is
the m x m identity matrix I. That is, the mover seeks to minimize the square of
the distance between her choice x; and the chosen image y; of the choice z; of the
second player. A simple calculation ((2) in Section 3) shows that the support of /™
is contained in the set of elements of {x1,...,z,,} that are closest to x,,41. The
proof in Section 3 continues along the following lines: x,,41 is a convex combination
of elements of the images F'(z) of nearby points x, because this is an imitation game
the support of p™ is a subset of the support of "*; the diameters of the supports
of /™ and p™ decrease to zero as the number of iterations increases, because the
sequence x,, is contained in a compact set; limit points of {z,,} are exact fixed
points, because F' is upper semicontinuous and convex valued.

If it is known that each imitation game has a Nash equilibrium, this argument
proves Kakutani’s fixed point theorem. The Lemke-Howson algorithm computes a
Nash equilibrium of a two player normal form game, and the theorem stating that
it is an algorithm (that is, it halts in finite time for any input) implies that every
two person game has a Nash equilibrium. The Lemke-Howson algorithm is usually
described as either a tableau method (e.g., Lemke and Howson (1964)) or as paths
in the edges of a pair of polytopes (e.g., Shapley (1974)).

In an imitation game the imitator’s best response correspondence has a simple
description. This has the consequence that the “pivots” of the Lemke-Howson al-
gorithm that change the mover’s strategy have a predictable and trivial character,
so that a simpler description involving only one simplex is obtained by ignoring
these pivots. In Section 6 we show that the result of adopting this perspective is
precisely the Lemke paths algorithm? of Lemke (1965). In earlier literature the
Lemke-Howson algorithm is treated as a specialization of the Lemke paths algo-
rithm obtained by restricting the input of the latter to have a special form. The
observation that the Lemke paths algorithm can be viewed as a projection of the
Lemke-Howson algorithm, applied to an imitation game, is novel, at least so far as
we know.

One consequence of this observation is that it is possible to derive a recent result

2There is a third algorithm (Lemke (1968)) that is usually called “the Lemke algorithm,” or
just “Lemke,” so we have avoided that phrase in connection with the algorithm of Lemke (1965).



of Savani and von Stengel (2004, 2006) concerning long paths of the Lemke-Howson
algorithm from earlier work by Morris (1994) concerning long paths of the Lemke
paths algorithm. Morris (1994) uses dual cyclic polytopes to produce exponentially
long Lemke paths. Savani and von Stengel (2004, 2006) observe that these paths
correspond to a symmetric version of the Lemke-Howson algorithm and that the
symmetric games obtained directly from Morris’ construction have non-symmetric
equilibria that are very quickly found by the Lemke-Howson algorithm. Savani
and von Stengel (2004, 2006) therefore modify the construction and obtain games
with unique equilibria and long Lemke-Howson paths. We observe that Morris’
constructions correspond to imitation games with unique equilibria and long Lemke-
Howson paths.

If one uses the Lemke paths algorithm to compute Nash equilibria of the im-
itation games that arise in our algorithm for finding a fixed point of F', one may
be concerned that the computational burden will increase as m increases. General
experience with the Lemke-Howson algorithm suggests that this is unlikely, and in
practice our algorithm often finds a fixed point after a small number of iterations.
When C is finite dimensional, there is also theoretical reassurance. A geometric im-
itation game is an imitation game derived from points x1,... , Tm, Y1,--. ,Ym € C,
as described above. Holding the dimension of C fixed, the length of the Lemke
paths for a geometric imitation game is bounded by a polynomial function of m.
This observation provides a rich class of examples that complement the works of
Savani and von Stengel (2004, 2006) and Morris (1994).

We also give some additional results concerning imitation games. Gale and
Tucker (1950) showed how to derive a symmetric game from a two player game
in such a way that the Nash equilibria of the two player game are in one-to-one
correspondence with the symmetric equilibria of the symmetric game. Consequently
the problem of finding a symmetric equilibrium of a symmetric game is at least as
hard (in a computational sense described precisely in Section 5) as the problem of
finding a Nash equilibrium of a general two player game. We show how to pass
from a symmetric game to an imitation game whose Nash equilibria are in one-to-
one correspondence with the symmetric equilibria of the symmetric game, so the
problem of finding a Nash equilibrium of an imitation game is at least as hard as
the problem of finding a symmetric equilibrium of a symmetric game. Of course

imitation games are a special type of two player games, so the three problems are



equally hard. (Identical reasoning applies to related problems, such as finding all
equilibria, or determining whether there is more than one equilibrium.) A related
application of imitation games is our paper McLennan and Tourky (2005) that
gives simple proofs of results in Gilboa and Zemel (1989) on the complexity of
certain computational problems concerning Nash equilibria of two person games.
The imitation games introduced in the present paper have also been recently used
to study the complexity of various computational problems arising in economics see
for instance Codenotti and Stefanovic (2005); Bonifaci, Di Torio, and Laura (2005);
Codenotti, Saberi, Varadarajanz, and Ye (2005).

The remainder has the following organization. In the next section we survey
the history of proofs of Brouwer’s and Kakutani’s fixed point theorems. Section 3
proves Kakutani’s theorem using our recursive sequence and the Lemke paths algo-
rithm. Section 4 is a discussion of the structure and properties of our algorithms
for computing approximate fixed points. Section 5 discusses imitation games from
the point of view of computational theory. Section 6 explains the derivation of the
Lemke-Howson algorithm from the Lemke paths algorithm and shows how to derive
the Lemke paths algorithm from the Lemke-Howson algorithm. Imitation games
with a geometric derivation, as described above, are studied in Section 7, leading
to a class of games with “short” Lemke-Howson paths. The last section gives some

final remarks.

2 Historical Background

Brouwer’s fixed point theorem is a celebrated achievement of early twentieth century
mathematics. The literature now contains several proofs which typically involve
advanced techniques or results. For instance the proof in Brouwer (1910) uses
the ideas that were evolving into the field of mathematics now known as algebraic
topology. An alternative proof due to Hirsch (cf. Milnor (1965)) is an application
of the Morse-Sard theorem in differential analysis to prove the non-existence of
a retraction from a disk to its boundary. An ingenious and elementary proof by
Milnor (1978) uses a simple computation to reformulate the problem in terms of
polynomials. The proof that is perhaps most popular in economics is similar to ours
insofar as it has two phases. The first phase is a result in combinatoric geometry—

Sperner’s lemma in that proof and the existence of equilibrium for certain two



person finite games via the Lemke-Howson algorithm here. The second phase uses
approximations to pass to a topological conclusion. At this point we should call
attention to Scarf (1967a,b) and Hansen and Scarf (1969) (see also Appendix C
of Arrow and Hahn (1971)) which use methods related to those embodied in the
Lemke-Howson algorithm to establish that the conclusion of Sperner’s lemma holds
in circumstances where Brouwer’s theorem follows.

Motivated by a desire to provide a simple proof of von Neumann’s minimax the-
orem, Kakutani (1941) extended Brouwer’s fixed point theorem to convex valued
correspondences. His method—showing that an arbitrarily small neighborhood of
the graph of the correspondence contain the graph of a continuous function, then
applying Brouwer’s fixed point theorem—is intuitive, but its implementation in-
volves various details that are cumbersome and of slight interest to the other goals
of instruction in theoretical economics. To the best of our knowledge all previous
extensions of Brouwer’s theorem to correspondences use either this method or (e.g.,
Eilenberg and Montgomery (1946)) algebraic topology.

The algorithm of Lemke and Howson (1964) is, in effect, an elementary proof of
a result that had previously been proved by appealing to fixed point theorems. A
sense of the thinking at the time is given by the following excerpt from the review
of Lemke and Howson (1964) by R. J. Aumann?.

“The first algebraic proof of the theorem that every two-person non-
constant-sum game with finitely many strategies for each player has a
Nash equilibrium point. This important paper successfully culminates a
series of developments beginning with Nash (1950, 1951). Nash’s proofs
are valid for n-person games with arbitrary n, but they use fixed point
theorems ... [there has been] a long-standing suspicion that there must
be an algebraic existence proof lurking in the background; the current

paper provides it.”

We regard the arguments given here as demonstrating that the Lemke-Howson
algorithm embodies, in algebraic form, the fixed point principle itself, and not
merely the existence theorem for finite two person games. Very recently a striking
result of Chen and Deng (2005b) (described in more detail in Section 5) has given

a different, and quite profound, expression of this idea. We should also mention

3 Mathematical Reviews MRO173556 (30 #3769).



the beautiful paper of Shapley (1974), which calls attention to the relation between
the Lemke-Howson algorithm and the fixed point index. Another important pre-
decessor is Eaves (1971b), which shows that a procedure for computing solutions
to the linear complementarity problem can be used as the underlying engine of a
procedure for computing approximate fixed points.

Scarf (1967a) introduced an algorithm, based on an extension of the argument
used to prove Sperner’s lemma, for computing an approximate fixed point. An
extensive literature (e.g., Scarf (1973), Todd (1976), Doup (1988), Murty (1988))
elaborates on and refines this algorithm, and it continues to be an important ap-
proach to the computation of approximate fixed points. Scarf (1967a) also pointed
out the possibility of using a linear complementarity problem to find approximate
fixed points. This method was extended to Kakutani fixed points in Hansen and
Scarf (1969), and versions involving a triangulation of the underlying space are given
by Kuhn (1969) and Eaves (1971a) and refined by Merrill (1972b,a). Some aspects

of these methods are discussed in Section 4.

3  From Imitation Games to Kakutani

A two person game is a pair (A, B) of m x n matrices of real numbers, where m and
n are positive integers. For each integer k > 1 let AF be the standard unit simplex
in R¥, i.e., the set of vectors whose components are nonnegative and sum to one. A
Nash equilibrium of (A, B) is a pair (o,7) € A™ x A" such that o7 AT > 7 At for
all & € A™ and 0T Br > 6T B7 for all ¥ € A™.

For the rest of the section we specialize to the case m = n and B = I, where 1
is the m x m identity matrix. Such a game (A4, I) is called an imitation game, and
in such a game the two agents are called the mover and the imitator, respectively.
Let Z:={1,... ,m}. For any p € A™, let

p°={i€Z:p;=0} and p:=argmax(Ap);.
€T

An TI-equilibrium of an imitation game (A,I) is a mixed strategy p € A™ for the
imitator such that the support of p is contained in p: p° Up = Z. To prove that
(A, I) has a Nash equilibrium it suffices to find an I-equilibrium:



Proposition 3.1. A mized strategy p € A™ is an I-equilibrium of (A, I) if and only
if there is v € A™ such that (¢, p) is a Nash equilibrium of (A, I).

Proof. 1If (v, p) is a Nash equilibrium of (A, I'), then the support of p is contained in
the support of ¢, because p is a best response to ¢ for the imitator, and the support
of ¢ is contained p, because ¢ is a best response to p for the mover. Thus, the support
of p is contained in p.

Now suppose p is an I-equilibrium of (A, I'). Because the set of best responses to
p contains the support of p, we may choose an € A™ that assigns all probability
to best responses to p (so ¢ is a best response to p) and maximal probability to

elements of the support of p (so p is a best response to ¢). ®
For XY CZlet S(X,Y):={peA™:p°=X andp=Y }.
Lemma 3.2. If S(X,Y) is nonempty, then its dimension is at least m — | X| — [Y].

Proof. Let A(Y,Z\ X) be the submatrix of A that is the intersection of the rows and
columns indexed by the elements of Y and Z\ X respectively. The claim follows from

clementary linear algebra because S(X,Y) is an open subset of the set of z € RT\X
such that >, z; =1 and A(Y,Z\ X)z is an element of the diagonal in RY. m

We say that A is in general position if |p°| + |p| < m for all p € A™.

Lemma 3.3. The set of m x m matrices in general position is dense in the space of

m X m matrices.

Proof. Given an m x m matrix Ap and X,Y C 7 with |Y| -1 > m — | X]|, we can
find an A arbitrarily close to Ay such that RZ\YX is spanned by the vectors obtained
by taking the difference between the first row of A(Y,Z \ X) and each subsequent
row. For such an A the origin is the only z € RZ\X such that A(Y,Z\ X)z is in the
diagonal of RY, so S(X,Y) = 0. The set of such A is open, so we can repeat this
maneuver, eventually obtaining an A arbitrarily near Ay with S(X,Y) = () for all
XY CZwith|X|4+[|Y]|>m. =

General position also has the following simple consequence.

Lemma 3.4. If A is in general position and S(X,Y) is nonempty, then S(X,Y) is

(m — | X| — |Y])-dimensional.



Proof. Suppose by way of contradiction that the dimension of S(X,Y") is greater
than m — |X| — |Y|. We may assume that (X,Y’) is maximal in the sense that if
X' D X and Y’ DY have this property, then X’ = X and Y/ =Y. General position
implies that m — | X| — |Y| > 0. Therefore, the closure of S(X,Y) is a polytope of
positive dimension, and any of its facets is the closure of S(X’,Y”) for some (X', Y”)
with X C X’ and Y C Y’, where at least one inclusion is strict. Therefore, there

exists such (X', Y”) satisfying
dim S(X',Y') = dimS(X,Y) — 1 >m — |X| — |Y] —1>m — |X'| - [Y'],

which contradicts maximality. m

Lemma 3.5. If A is in general position and S(X,Y) is nonempty, then S(X',Y")
1s not empty for any X' C X, and nonempty Y' C Y.

Proof. Fix ig € Y'. Then S(X,Y) is the set of p € R™ such that certain affine

functionals have certain signs:
(i) pr+-+pm—1=0;
(ii) pi=0for all i € X;
(iii) p; >0foralli e T\ X,
(i) (Ap)i — (Ap)iy = 0 for all i € ¥\ {io};
(v) (Ap)i — (Ap)i, <O forallieZT\Y.

Since S(X,Y) is m — |X| — |Y| dimensional, the affine functionals that vanish on
S(X,Y) have linearly independent linear parts. (That is, we think of each affine
functional as a linear functional plus a constant.) Therefore any neighborhood of a
p € S(X,Y) contains points at which these functionals take on any combination of
signs. In particular, there is a p’ arbitrarily near p such that (i) holds, p, = 0 for
allie X', p, >0forallie X\ X', (A4p')i — (Ap')i, =0 for all i € Y\ {ip}, and
(Ap")i — (Ap)i, <0 forall i € Y \Y'. For p sufficiently close to p it will also be
the case that (iii) and (v) hold, in which case p' € S(X’,Y’). =

Suppose that A is in general position, and that S(X,Y) is nonempty. If | X|+
|Y'| = m, then S(X,Y) is a singleton whose unique element is denoted by V(X,Y").
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Such points are called vertices. If | X| 4+ |Y| = m — 1, then the closure of S(X,Y),
denoted by E(X,Y), is a one dimensional line segment that is called an edge. Each
edge has two endpoints, which are clearly vertices. If V/(X,Y') is a vertex and i € X,
then the last result implies that S(X \ {i},Y") is nonempty, so E(X \ {i},Y) is an
edge that has V(X,Y") as one of its endpoints. Similarly, if i € Y, and i is not the
unique element of Y, then E(X,Y \{i}) is an edge that has V(X,Y") as an endpoint.

The Lemke paths algorithm follows a path of edges described in the next proof.

Proposition 3.6. The imitation game (A,I) has an I-equilibrium.

Proof. 1If A is the limit of a sequence {A”} and, for each r, there is an I-equilibrium
p" of (A", I), then every accumulation point of the sequence {p"} is an I-equilibrium
of (A, I). Thus, by Lemma 3.3, we may assume that A is in general position?.

Fixing an arbitrary s € 7, let d; denote the degenerate mixed strategy that
assigns probability one to the pure strategy indexed by s. By general position,
05 = {i*} for some i*, so d; = V(T \ {s},{i*}) is a vertex. If i* = s, then d, is an
I-equilibrium and we are done. Therefore, assume that i* # s.

A vertex V(X,Y) is said to be an s-vertex if Z \ {s} € X UY, in which case
either [ XNY|=1or |[XNY|=0. In the latter case X UY =7 and V(X,Y) is
an [-equilibrium. An edge F(X,Y) is said to be an s-edge if X UY =T\ {s}. Of
course the endpoints of an s-edge are s-vertices.

Let V(X,Y) be an s-vertex with X NY = {i}. The only s-edges that could have
V(X,Y) as an endpoint are E(X \ {i},Y) and E(X,Y \ {i}). The first of these is
always defined, and the second is defined if and only if Y\ {i} # 0. If Y = {i}, then
X =T\ {s},s0 V(X,Y) =05, and i = i* because S(X,Y) is nonempty.

Summarizing, if there is no I-equilibrium, then every s-vertex V(X,Y) has
|IX NY| = 1, the s-vertex s = V(Z \ {s},{i*}) is an end point of exactly one
s-edge, and every other s-vertex is an endpoint of exactly two s-edges. Summing
over s-vertices, we find that there is an odd number of pairs consisting of an s-edge
and one of its endpoints. But of course this is impossible: the number of such pairs

is even because each s-edge has two endpoints. m

4 Alternatively we could describe a method of extending the the algorithm to games that are not
in general position. There are standard degeneracy-resolution techniques for pivoting algorithms,
including the simplex algorithm for linear programming, the Lemke-Howson algorithm, and the
Lemke path algorithm.
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The Lemke path algorithm for computing an [I-equilibrium begins at ds and
proceeds from there along the path of s-edges. We call this path the Lemke path of
A starting at 5. This path does not branch or return to any s-vertex that it visited
earlier, so it must eventually arrive at an I-equilibrium.

Let C be a closed convex subset of an inner product space. A correspondence
F : C — C assigns a nonempty F(z) C C to each x € C. Given such an F, we
may define sequences x1,x2,... and y1,¥y2,... by choosing x1 € C arbitrarily, then
(recursively, given x1,... , 2z, and y1,... ,ym—1) letting y,, be any point of F(z,,)

and setting
m
Tmi1 =Y P7Y5 (1)
j=1

where p™ is an [-equilibrium of the imitation game (A, I) with m strategies for
which the entries of A are a;; = —||x; —y;||?. The following geometric fact underlies

many of our results.

Proposition 3.7. For each m we have

supp p™ C argmin i = Tmal]- (2)
<i<m
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Proof. Note that Z;ﬂzl pg’"b(xmﬂ —y;) =0, so for each i = 1,... ,m we have:

m
(Ap)i = =D 'l — sl
=

m
== oM@ = xmi1) + @mar — )l
j=1
m
m
= - ij <!Ez — TmA4-1, L5 — :L”m+1>
j=1

m
- 22 <33z - xm+1,p}”(fcm+1 - y])>
m
m
> P Emat =Ygy T — Uj)
j=1
m
2 2
=~z = zmia® =D pP I Emir — ysll*.
j=1
Since p™ is an I-equilibrium, its support is contained in the set of ¢ that maximize
this quantity, and the second term does not depend on i. m

For x € C let

Gr(x) = ﬂ co( U F(a;’)) .

6>0 |la’—z|| <6

This correspondence majorizes F, i.e., F'(z) C Gp(x) for all .
Proposition 3.8. An accumulation point =* of {x,,} is a fixved point of Gp.

Proof. Consider a particular § > 0. If the §/3-ball around z* contains x,,+; and
for some ¢ < m, then z, is in the 2§/3-ball around x,,+1, so the J§-ball around z*
contains all the points in {z1,... ,z,,} closest to z,,+1. The last result implies that
Tm+1 s in the convex hull of Bs := {J,_,+|<s F'(z). There are arbitrarily large m
such that x,,+1 is arbitrarily close to z*, so x* is in the closure of the convex hull

of Bs. Since § was arbitrary, the claim follows. =

The correspondence F' is upper semicontinuous if, for each x € C: (i) F(x) is
closed; (ii) for each open set V' containing F'(x) there is a neighborhood U of x such

that F(z') C V for all 2/ € U. Clearly, if F' is upper semicontinuous with convex
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values, then F(z) = Gp(x) for all z € C. Conversely, if Gp = F, then F is convex
valued, and if the inner product space containing C' is finite dimensional, then F' is

upper semi-continuous.

Theorem 3.9 (Kakutani (1941)). Let C' be a nonempty, compact, and convex sub-
set of an inner product space. If F': C — C' is an upper semicontinuous correspon-

dence whose values are convex, then x* € F(x*) for some x* € C.

Proof. The sequence {x,,} has an accumulation point z* because C' is compact,
Proposition 3.8 gives z* € Gp(x*), and Gp(z*) = F(z*) because F' is upper semi-

continuous with convex values. ®

4 Approximate Fixed Points

According to Proposition 3.8 any accumulation point of the sequence {z, } of (1) is a
fixed point of Gp. If F and G have the same fixed points, then any algorithm that
generates each x,,11 is the engine of a computational procedure that will eventually
produce an approximate fixed point up to any desired degree of accuracy. One such
algorithm is to compute in each iteration a Lemke path for the imitation game
(A, I) defined in connection with (1). For the non-degenerate case this Lemke path
is described in Proposition 3.6. Thus, we have the raw materials for a class of
algorithms that compute approximate fixed points.

In this section we study the properties of {z,,}, contrasting them with the
properties of the simplex algorithm for finding approximate fixed points, presenting
certain theoretical properties, and describing the results of numerical experiments.
The emphasis is on the flexibility of our method and the relative paucity of infor-

mation needed to apply it.

General discussion

The inputs for an algorithm for computing an approximate fixed point are a space
C' in which a fixed point is sought, an “oracle” that computes the value f(x) of a
function f at any point x € C', and a bound £ > 0 on acceptable error. There is an a
priori guarantee that f is continuous. (For particular classes of functions (e.g., affine,
polynomial, smooth) there are, of course, many well studied procedures for solving

systems of equations.) The goal is to find a point 2* € C such that || f(z*)—z*| < e.
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Note that there is no guarantee that £* is near an actual fixed point of f. In fact
such a guarantee cannot be attained without additional a priori restrictions: after
the algorithm has run, The Devil could replace f with a continuous f' : C — C
that has no fixed points near z* even though it agrees with f at every point at
which the value of f was computed. By virtue of similar reasoning, although the
procedures we discuss here are algorithms—that is, they are guaranteed to halt
in finite time—it is impossible to place an a priori upper bound on their worst-
case running times. Consequently the complexity classes of theoretical computer
science (polynomial time, NP, polynomial space, exponential time, etc.) cannot be
applied to the comparison of algorithms for computing approximate fixed points.
Since theoretical tools are lacking, such comparisons have an informal character,
combining intuition, practical considerations, and actual computational experience.

Simplicial continuation methods (e.g., Scarf (1973), Doup (1988), and references
cited in those books) are the best studied class of algorithms for computing an
approximate fixed point. In these algorithms C' (or sometimes a related space) is
endowed with a simplicial subdivision. There is a rule for endowing each vertex of
the subdivions with a “label.” For example, the label of a vertex v may be defined
to be the smallest index 4 such that v; > f;(v). The procedure’s objective is to find
a “completely labelled simplex,” which is one whose vertices have every label. If
the values of f at the vertices are sufficiently close to each other, then any one of
them is an approximate fixed point. A simplex is “almost completely labelled” if
its vertices have all but one of the labels. An almost completely labelled simplex is
either completely labelled or has two vertices with the same label, and the facet of
the simplex opposite either of these vertices is either contained in the boundary of
C or is also a facet of another almost completely labelled simplex. The main idea of
the algorithm is to “pivot” from one almost completely labelled simplex to the next
until a completely labelled simplex is reached. (There are rules for pivoting along
simplices in the boundary that will not be described here.) The result asserting
that this procedure eventually halts is a generalization of Sperner’s lemma.

Our algorithm has certain broad similarities with these methods. In each case
there is a combinatoric existence result, namely Sperner’s lemma and the existence
of Nash equilibrium for an imitation game respectively. In each case there is an
algorithmic implementation of this result, namely Scarf’s procedure for computing a

completely labelled simplex and the Lemke paths algorithm. In each case continuity
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implies that the results of these computations are eventually approximate fixed
points.

Simplicial subdivision methods require a space C that can be subdivided into
arbitrarily small simplices and an algorithm for doing so. For the main applications
in economic theory, general equilibrium theory and game theory, such algorithms
exist, but they are nontrivial. Each algorithm requires C' to have a specific geometry
or, at the very least, that C' is contained in a known bounded set with a specific
geometry. In contrast, our procedure requires an initial point z; and a computa-
tional procedure for passing from a point z € C' to a point y € F(x), but it is not
necessary to know C, and under various conditions our algorithm can be applied to
correspondences with unbounded domains, as we will see below.

Many computational procedures (e.g., Newton’s method for finding a zero of
a differentiable univariate function) are iterative, using the output of one stage as
the input to a subsequent calculation that refines the initial approximation. The
first simplicial algorithms (Scarf (1967a,b)) require that C' be a simplex, and they
need to be started at one of its vertices. Having found an approximately labelled
simplex for a coarse simplicial subdivision of C, we would like to find a completely
labelled simplex in a finer subdivision, but the method does not present an obvious
method for taking advantage of the results of the initial calculation. This problem
was recognized in the earlier literature, and an important goal was to find some
way to “restart” the algorithm at a point that was thought to be close to a fixed
point. Variants that achieve the desired effect by adding an additional dimension
and, in effect, following a simplicial homotopy, were developed by Eaves (1971b)
and Merrill (1972b,a), among others. The analogous problem for our procedure has
a simple solution: the Lemke path algorithm can be started at any pure strategy
of the imitation game, and the natural choice is the pure strategy representing the
most recently computed candidate approximate fixed point x,.

Each pivot of a simplicial algorithm moves from a simplex to another simplex
that shares all but one vertex, so one cannot move between simplices that have no
common vertices in fewer pivots than the dimension of the first simplex plus one.
This implies that the speed of motion is bounded by the mesh® of the subdivision,
and will also be slowed down by a factor proportional to the dimension of the

problem unless the path of the algorithm is largely restricted to low dimensional

5The mesh of a simplicial subdivision is the maximum diameter of any simplex.
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faces of C. In contrast, our algorithm is potentially capable of quickly “zooming in”
to the vicinity of a fixed point, thereby avoiding this sort of slow and steady march
through C. Initial numerical experiments show this potential being realized.

Our discussion has focused on the specific procedure (1), but in fact there are
many variants. The guarantee of eventual discovery of an approximate fixed point
depends on the sequence of points eventually becoming dense in the convex hull of
the sequence. It is possible to preserve this guarantee without keeping every element
of the sequence x1,... , T, For example, if several terms in this sequence are close
to each other but distant from x,,, one might discard all but one representative of
this cluster.

One might retain only the last n points, computing x,,+1 from the imitation
game derived from z,,—p41,. .. , Ty, which may be burdensome if m is large. There
is no theoretical guarantee of convergence, but in the case of a continuous func-
tion f : C — C, when only z,, is retained our procedure amounts to iterative
evaluation—=x,,+1 = f(x,,)—which is very popular is practice, even though it is
not guaranteed to converge unless f is a contraction mapping. Thus, our methods
give a class of variations of iterative evaluation that may prove useful, either because
they are faster or because they converge in a larger class of problems.

A potential disadvantage of our approach is that at the m'" stage we are com-
puting an I-equilibrium for an m X m matrix. Several factors mitigate this concern.
First, in many of the examples we have examined to date, convergence occurs before
m becomes large. Second, at every point p in the Lemke path, all but at most one
of the elements of the support of p are best responses to p. Typically the number of
best responses will be at most one more than the dimension of C, so the dimension
of the space containing the Lemke path is in effect fixed, and does not grow indefi-
nitely as m increases. There is also some assurance that the burden of computing
an equilibrium of each of the imitation games need not explode when C' is finite
dimensional. Indeed, it can be shown that for fixed d there is a polynomial time
(in m) procedure that takes a 2m-tuple (z1,... ,Zm,¥1,... ,Ym) of points in R? as
its input and outputs an I-equilibria of the imitation game (A, ) where A is the
m X m matrix with entries a;; = —||z; — y;|*.

When applied to a linear operator T: R™ — R” our algorithm belongs to the well
studied class of Krylov iterative methods, which in the context of solutions to linear

equations are discussed in Ipsen and Meyer (1998). These are methods that generate
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a sequence of approximations x,, such that to compute each new approximation
Tm+1 we need only to know the first m powers of the T-orbit of zy. That is,
z1,Tx1, ..., T"xs.% There always exists a k < n for which z1, Tz1, T2z, ..., TFz;
are linearly dependent and k could be much smaller than n, for instance when 7" has
n independent eigenvectors with & — 1 distinct eigenvalues. So as with any Krylov
method we require at most k evaluations of T to compute any pair Z,,,y,, of the
sequence (1). This is significant when each evaluation Tz is costly. In contrast, any
completely labeled simplex in a simplicial subdivision requires n evaluations of T'
and thus complete information about the operator.

We conclude this subsection by noting that using the Lemke paths algorithm
to compute z,,41 is natural, and has certain advantages, but any other method of
computing an [-equilibrium of the derived imitation game is acceptable. Although
there is no obvious reason to think it would be practical, it is nonetheless interesting
to note that recursive versions of the algorithms are possible because for large m

one may use the algorithm itself to compute an I-equilibrium!

Univariate functions

The next result gives a full description of the path of the procedure in the one
dimensional case for functions that have a single fixed point. Corresponding to the
possibility of starting the Lemke path algorithm at the vertex corresponding to the
most recently computed point, we assume that in the m' iteration, if the pure

strategy m is an I-equilibrium, then p/* =1 is selected.
Proposition 4.1. Let f: [a,b] — [a,b] be a continuous function with a single fized
point x* € (a,b). If {x,,} is the result of applying (1) to f, then for each m the

point T, is uniquely chosen and

Ty = max T, =X O Ty = min T, =7
{z;<z*:i<m} {z;>x*: i<m}
with
f@m) i om =7 and f(zm) > 1/2(T +2),
Tmt1 = § f(Tm) if tm =z and f(rm) < 1/2(T + ),

1/2(x +z) otherwise.

SFor each m the vector Zm+1 of (1) is a convex combination of Tz1, T2x1, e, T™a.
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In particular, if there is 0 < q < 1 such that || f(x) — z*|| < q||lx — =*|| for any x,

then || zmy1 — || < ¢"||xmer — x*|| for all m.

Proof. Choose any x1. Because there is only one fixed point z*, if 1 > z*, then
xe = f(x1) < x1 and if 7 < 2, then x9 = f(x1) > 1. Thus, the condition is
satisfied. Suppose that the condition is satisfied for m. By assumption, z,, is equal
to either T or z. Suppose, without loss that x* # x,, = T # x. This implies that x
is not a fixed point, that f(z) > z, and that f(z) > 1/2(z + T), because otherwise
f(x) could have been chosen in an earlier iteration but wasn’t contradicting the
uniqueness property.

We know that f(x,,) < ;. The equilibrium p™ must satisfy p]’ > 0 for
otherwise there was a point in a previous iteration that was not chosen even though
it could have been. If f(z,,) is greater than 1/2(z+=), then it is chosen because the
only possible equilibrium is p? = 1. If f(z,,) < 1/2(z+7), then zp,41 = 1/2(x+7T).
This is because it is chosen if p]» = 1 and if 0 < p;? < 1, which are the possible

cases. W

A very simple example contrasts the the performance of the procedure with the
performance of the simplex method. For clarity we choose the one dimensional case

though similar examples can be constructed in higher dimensional spaces.

Example 4.2. Let C = [-1,1] and f(z) = gz for some —1 < ¢ < 1. The only
fixed point of f is x = 0. Suppose, that we want to approximate this fixed point
to a degree of accuracy e. That is, we want the algorithms to find some ||z < e.
We begin the Scarf algorithm and the algorithm in (1) at the point z; = 1. The
Scarf algorithm divides the line R into a mesh of size . It takes at least 1/ steps
to obtain a completely labeled order interval. In contrast, for our algorithm if
—1/2 < ¢ < 1, then xy, = qrym— for all m > 1, so ||z, = |¢|™. If -1 < g < —1/2,
then for every even m we have x,, = qr,,—1 < 0 and for every odd m > 1 we have
Ty = 1/2(xpm—1 — Tm—2) > 0. So beginning with the point z; = 1 it is easy to check

that we achieve ||z,,|| < e for

logy(1/c)
a. mZ logzz(W’ lfo#qz —1/2

log, (1 .
b.om > 290 1 i 1 £ g < —1/2

c. m=3,ifg=—-1,and m=2if ¢ =0.
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We note that such fast rates of converges occur for a wide variety of univariate as

well as multivariate functions. =

Local contractions

The next result presents an important local property that indicates that the pro-
cedure can be very fast in sufficiently contractive neighborhoods of a fixed point.
As above, we suppose that in each iteration m, if the pure strategy of the imitation
game corresponding to the most recently computed point x,, is an I-equilibrium,
then this I-equilibrium is selected. We assume that C' is a convex complete subset
of an inner product space and f is a function. We will say that x,,11 of (1) enters
a contractive neighbourhood with factor 0 < g < 1 if there is n < m + 1 such that
If(z) — fW) < qllx — y|| for any z,y in the ball B with center x,,4+1 and radius

n=|zn — Tmyll-

Proposition 4.3. If x,, 1 enters a contractive neighbourhood with factor ¢ < 1/2,
then for any t > 1 we have Tyit+1 = f(Tmyt) and there is a fized point x* satisfying

[Zm i1t = 2| < ' ll@myr — 2]

Proof. Let u = ||z; — 41| for some i in the support of p™. By Proposition 3.7
we have p < 7. Thus, the support of p” is in B. This implies that for any ¢ in the
support of p™ we have || f(zp+1) — f(zi)|| < p/2. Because i1 = >0, pif f(25)
we see that || f(zm+1) — Tm+1]| < /2. Applying Proposition 3.7 again we see that

for any j < m we have | f(zm+1) — x| > 1/2u. Thus, the pure strategy z™!

is an I-equilibrium of the (m + 1)* game. So p%ﬂ =1 and zpy2 = f(Tmy1)-
Noting that the conditions of the Proposition hold for m + 2, induction tells us that
Tmt1+t = [(Tmyt) € B for all t > 1. Because C' is complete x;,4+14+ converges to a

fixed point z* € B in C and ||zym114+¢ — 2*|| < ¢ ||zmy1 — 2*|| for all . m

We note that if ¢ in the above result is greater than 1/2 but smaller than one,
then we can achieve the same type of behavior by applying our algorithm to f* with
g <1/2.7

"We write f'(z) := f(x) and f'(z) = f(f*"'(z)) for t > 1. To guarantee convergence to a
fixed point of f we need the function f to be t-acyclic. That is, for any x € C satisfying f(z) # x
we have f'(z) # x.
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Unbounded and nonconvex domains

Many fixed point problems arising from systems of equations have an unbounded
domain. When, for example, the range F'(C') has compact closure the Bohnenblust
and Karlin (1950) theorem guarantees the existence of a fixed point even in infi-
nite dimensional spaces. Another example is the work of Brézis, Nirenberg, and
Stampacchia (1972) on Ky Fan’s minimax principle for functions with unbounded
domains. We do not know of any standard fixed point approximation method that
works for such functions.®

Our procedure works well when the image of some iterate of F' is contained in a

compact set. Let S := C, let S} := co F(C), and recursively let S& = co F(Sic_l)

for i = 2,3,.... A simple inductive argument shows that Sé“ - Sé for all 7. Let
@ =gy Sé. In the finite dimensional case, @ is non-empty and compact if

and only if some S%, is compact.

Proposition 4.4. Let C be a closed conver subset of R™ and let F': C — C be a
correspondence with the same fized points as Gg. If @ s non-empty and compact,
then {x,} is bounded.

Proof. For some finite ¢ the set Sé is bounded because @ is compact. Thus, it
suffices to show that for any 4, eventually z,, € S&. Clearly, x,, € Sg = ( for all
m > 0. Proceeding inductively, suppose that for some j there exists m; such that
T € Sé for all m > m;.

Fix one of the finite number of points satisfying x; ¢ Sé, which is clearly not
a fixed point. Assume by way of contradiction that there is a subsequence p"
of the I-equilibria satisfying ,o;”/ > 0 for all m’. Proposition 3.8 implies that x;
cannot be a cluster point of {z,,.1} , because z; is not a fixed point, nor can
the subsequence have any other cluster points, 8o ||z, 41|| — co. We can assume
that z; = 0 because we are free to work in such a coordinate system. Let z be
a limit point of the normalized sequence {z,+1/||Zm/+1]|}. In general a point
y' is as close to the origin as to another point y if and only if (y/,y) < %(y,y>,

. / . . .
ie., <”Z—,”, ﬁ> < %% In particular, there must exist m’,m” with m” > m/,

8From a computational point of view such problems can be unpleasant because, even though
it is known that a suitable compact-convex restriction of F' exists, it may be quite difficult to find
one, or the ones that can be found may be very large, resulting in slower performance of subsequent
steps in the procedure. In addition, computational methods for finding restrictions will typically
pertain to very particular classes of problems.
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Zmrsill > Nl@msall, and @1 /@11 and @y i1/ ||2ny 41| arbitrarily close to
z, but then the distance from 711 to Z,ry1 is less than ||a,v41]. This is a
contradiction because Proposition 3.7 implies that z; = 0 is one of the points in

{z1,... ,xy} that are closest to Z,,711. W

The procedure can be used to approximate fixed points of functions with non-
convex domains. We study an example that can be extended in various ways. Let
C C R"” be closed, but not necessarily convex, and let f : C' — C be continuous
with bounded range. The following variant of our method needs at the very least
an oracle that for any input z outputs whether x € C and if so outputs f(z). If
f maps the boundary of C' inside a star shaped set the extra information needed
is a center of the star shaped set.” We don’t need to a priori know anything extra

about the geometry of C.

Proposition 4.5. Let C' be an arbitrary closed subset of R™, and let f: C — C be
a continuous function with bounded range that maps the boundary points of C into
the interior of a star shaped set K C C with center x*. The sequence {x;,} of (1)
applied to the function

f(x) ifzeC,

r* otherwize ,

h: R" - R", h(z)=

1s bounded and its accumulation points are fixed points of f.

Proof. Each x,, for m > 2 is in the convex hull of {x1} U {z*} U f(C), so {z;,} is
bounded. Proposition 3.8 tells us that any accumulation points z* of {z,,} is in

Gp(x*). Any such x* is in the interior of C' and is thus a fixed point of f. m

Numerical experiments

A numerical experiment shows how the predictions of Proposition 4.3 can occur
in practice. In the experiment each randomly chosen function has expansionary
regions but also has a locally contractive fixed point. For these functions we do not
know how to implement the Scarf algorithm or of any other standard fixed point

approximation method that is guaranteed to approximate a fixed point.

9A star shaped set K C R™ is a set with an interior point z* such that for any z in the interior
of K the point ax + (1 — a)z™ is also in the interior of K for every 0 < o < 1. The point z* is
called a center of K.
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Example 4.6. For any z € R, let 23 := (z3,23,... ,23,,) and
arctan(z) := (arctan(zy), arctan(xs), ... ,arctan(zso)) -
We seek to solve the system of equations
f(z) := —arctan(M(z — y)3) +y = z,

where M is a randomly chosen 500 x 500 matrix with norm greater than 3 and y is
a randomly chosen vector in R%%.

The function f takes points from C = R to [—m/2,7/2]°° + y. Noting
that the derivative of the one dimensional function arctan is ﬁ we see that in a
neighborhood close to y the function f approximates —M (z — y)® + y. Therefore,
the one known fixed point of this function #* = y has a neighborhood N in which
x* is attractive. If we choose M = 31, the function has a unique fixed point that
is attractive in the neighbourhood (approximately) [—0.62,0.62]°°° + y, which has
a much smaller volume than [—m/2,7/2]°% + y. Moreover, the function is neither
a contraction nor non-expansionary.

We ran two sets of 1000 numerical experiments. In the first, for each 5 a number
m;j is chosen randomly from a normal distribution with mean zero and variance
one and we set M;; = |m;;|. In the second set the elements of M are randomly
chosen from a normal distribution with zero mean and variance 1/132. Numerical
tests show that this ensures that the f5 norm of M remains around 3.4.

In each experiment the elements of y are chosen from a random distribution
with zero mean and variance one. The algorithm is started at a random point
whose elements are chosen from a normal distribution with mean zero and variance

one. Each experiment stopped when
|(f(x) —x);| <107° i=1,2,...,500

or when the number of iterations exceeds 200. In each experiment we also simply
iterated the function 1000 times and tested if these iterations converged to a fixed
point. We did this using the same starting point as our algorithm and using a
starting point whose elements are uniformly chosen from [—7/2,7/2]5% + 4.

The results for this experiment are shown in Table 1. In the second set of



23

f(z) := arctan(M (x — y)*) + y and y; € N(0,1).
\ | N [ <200 | z*=y [ f"| Mean [ Med. [ Max. | Min. |
My € —W.n [ 1000 | 1000 [ 1000 [ 0 [ 9.06 | 9 22 5
My eN©.1/13%) [ 1000 | 979 [ 979 [ 0 [3311] 26 | 150 | 13

< 200: successful experiments stopped with ||f(z*) — 2*||eo < 107°.

x* = y: successful experiment for which ||z* — y|| < 1075,
ft: experiments in which simple iteration converged.
Mean/Med.: the mean/median number of iterations of successful experiments.

Max./Min.: the maximum/minimum number of iterations among the successful experiments.

Table 1: A numerical example with a locally attractive fixed point

experiments the algorithm is slower, because when M is not positive there could be

other attractive fixed points that “draw” the sequence away from y. =

5 Basic Properties of Imitation Games

This section discusses various issues related to imitation games. Collectively, these
results show that imitation games constitute a simple subclass of the class of two per-
son games that nonetheless embodies the complexity (in various senses) of general
two person games. One manifestation of this is a relationship between I-equilibria
of imitation games and symmetric equilibria of symmetric games.

A symmetric game is a two person game (A4, AT) where A is an m x m matrix. A
symmetric equilibrium of (A, AT) is a p € A™ such that (p, p) is a Nash equilibrium
of (A, AT). The following result is essentially due to Gale and Tucker (1950).

Proposition 5.1. Suppose B and C are m xn matrices whose entries are all positive,

and let
0 B

cT o

For p € A™™ the following are equivalent:
(a) p is a symmetric equilibrium of (A, AT);
(b) there are 0 € A™, 7€ A", and 0 < o < 1 such that:

(i) p=((1 - o, ar),
(ii) (o,7) is a Nash equilibrium of (B,C), and
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(iii) (1 —a)o?' Bt = ac’CT.

Proof. First suppose that p is a symmetric equilibrium of (A4, AT). We have p =
(1 — a)o,ar) for some 0 € A™, 7€ A", and 0 < o < 1. Because of the identity
(0,007 A(0,0) = 0 = (0,7)7 A0, 7) and the entries of B and C are all positive, it
cannot be the case that a = 0 or @ = 1. Because a < 1, in the game (B, C) the
strategy o is a best response for agent 1 to 7, and similarly 7 is a best response
for agent 2 to o. In addition, (0,0) and (0,7) are both best responses to p, so
(1—-a)o"Br = ac’Cr.

Now suppose that (b) holds. It is easily verified that (o,0) and (0,7) are best
responses to p := ((1—a)o,ar) in (A, AT), so any convex combination of (¢, 0) and

(0,7), such as p, is also a best response to p. ®

This result implies that any computational problem related to Nash equilib-
rium of two player games, for instance finding a sample equilibrium or finding all
equilibria, can be recast as a problem concerning symmetric equilibria of symmet-
ric games. The symmetric games derived from two player games as above have a
special structure, so it seems that the problems related to symmetric equilibria of
symmetric games are at least as hard as those related to Nash equilibrium of two
player games.

We now describe concepts from computer science that allow precise formal ex-
pression of this idea. An algorithm is polynomial time if its running time is bounded
by a polynomial function of the size of the input. A computational task is polyno-
mial if there is a polynomial time algorithm that accomplishes it, and the class of
such tasks is denoted by P. Given two computational tasks P and @, a reduction
from @ to P is a pair of maps, one of which takes an input z for @ to an input r(z)
for P, and the other of which takes an output y of P to an output s(y) of @, such
that s transforms the desired output of P for r(x) to the desired output of @ for
x. The reduction is a polynomial time reduction'® if the size of the output of P for
r(x) is bounded by a polynomial function of the size of x and there are polynomial
time algorithms that compute the values of r and s. The result above gives a poly-
nomial time reduction passing from a two player game to a symmetric game whose
set of symmetric equilibria mirrors the set of Nash equilibria of the given game.

In this sense any computational task related to symmetric equilibria of symmetric

90ther conditions on the reduction can also be considered (Papadimitriou, 1994a, Section 8.1).
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games is at least as hard as the corresponding problem for Nash equilibria of two
person games. For example, if the problem of finding a symmetric equilibrium of a
symmetric game is in P, then so is the problem of finding a Nash equilibrium of a
two person game.

We use imitation games to go in the other direction: problems associated with
Nash equilibrium of two person games are at least as hard as the corresponding

problems related to symmetric equilibria of symmetric games.

Proposition 5.2. For an m x m matriz A and p € A™ the following are equivalent:
(a) p is a symmetric equilibrium of (A, AT);
(b) p is an I-equilibrium of (A, I);
(c) there is v € A™ such that (1, p) is a Nash equilibrium of (A,I).

Proof. The equivalence of (a) and (b) is immediate. The equivalence of (b) and (c)
is Proposition 3.1. ®

A fourth reformulation of the problem should also be mentioned. A linear com-

plementarity problem is a problem of the form
220, ¢+ A2 <0, (z,q+ Az) =0

where the m x m matrix A and the vector ¢ € R™ are given. The problem is said to
be monotone if all the entries of A are positive. Suppose that this is the case, and
that ¢ = (—1,...,—1). (Since the rows of A can be rescaled, the essential point
is that all entries of ¢ are negative.) If z is a solution, then p := 2/ ", z is an
equilibrium of the imitation game (A, ), because the complementarity condition
(z,q + Az) = 0 means precisely that each pure strategy for the first agent is either
unused (that is, z; = 0) or gives the maximal expected payoff. Conversely, if p is
an equilibrium of the imitation game (A,I), and v := p’ Ap, then z := p/v solves
the linear complementarity problem above. The extensive literature on the linear
complementarity problem is surveyed in Murty (1988) and Cottle et al. (1992).
The computational problem of finding a Nash equilibrium of a finite two person
normal form game (A, B) is called 2-Nash. We have shown that there is a polynomial

time reduction passing between any two of the following problems.

(i) 2-Nash.
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(ii) Finding an I-equilibrium of an imitation game.
(iii) Finding a symmetric equilibrium of a symmetric game.
(iv) Finding a solution of a monotone LCP.

Papadimitriou (2001) has described the problem of determining whether 2-Nash has
a polynomial time algorithm as (along with factoring) “the most important concrete
open question on the boundary of P.” The fact that 2-Nash has such an algorithm if
and only if (ii)-(iv) do lends support to his view. The equivalence, up to polynomial
time reduction, between these solution concepts holds also for other computational
problems such as those shown by Gilboa and Zemel (1989) to be NP-complete (e.g.,
determining whether there is more than one solution) and finding all solutions.

Recently, there has been important progress on the computational complexity
of 2-Nash. Culminating a rapid sequence of developments (Goldberg and Papadim-
itriou (2005); Daskalakis et al. (2005); Daskalakis and Papadimitriou (2005); Chen
and Deng (2005a)) Chen and Deng (2005b) have shown that 2-Nash is complete
for the computational class PPAD (Papadimitriou (1994b)) which includes many
computational problems related to fixed points, Nash equilibrium, and competitive
equilibrium in economies. In general a subclass C’ of a class of computational prob-
lems C is complete for C if every problem in C has a polynomial time reduction
to a problem in C’. Concretely, Chen and Deng have shown that any problem in
PPAD has a polynomial time reduction to an instance of 2-Nash.!!

A problem in PPAD has two inputs. The first is a Turing machine M with the
following properties. It accepts inputs from the space {0, 1}" of bitstrings of length
r some natural number r. Given such an input, M outputs a predecessor in {0,1}"
(or an indication that the bitstring is a source) and a successor in {0,1}" (or an
indication that the bitstring is a sink). The input cannot coincide with either the
predecessor or the successor. The input is the successor of its predecessor when it
is not a source, and it is the predecessor of its successor when it is not a sink. Thus
the Turing machine computes a directed graph whose vertices are the bitstrings
and whose maximum in-degree and maximum out-degree are both one. The second

input is a source, which (by virtue of the possibility of “flipping” certain bits) may

" Note that although 2-Nash is conventionally described as the problem of finding a Nash equi-
librium, in formal precision it is the subclass of PPAD consisting of all problems associated with
particular games (A, B).
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be taken to be 0" = (0,...,0). The desired output is a bitstring that is either a
sink or a different source. The size of the problem (M, 0") is the maximum running
time of M for any input bitstring.

Given a continuous function from the n-dimensional unit simplex to itself, the
Scarf algorithm follows a path in a graph to an approximate fixed point. Papadim-
itriou (1994b) showed how to display the problem the Scarf algorithm solves as a
member of PPAD if there is a Turing machine that performs the requisite function
evaluations in an amount of time that is bounded by a polynomial function of np,
where p is the desired number of bits of accuracy.

Hirsch et al. (1989) studied a discrete version of Brouwer’s fixed point theorem
that is based on function evaluation. Specifically, one is given an “oracle” or “black
box” that computes the value of a function f : [0,1]™ — [0,]", and the goal is to find
a point x satisfying || f(z) — z|| < 27P. They show that if n > 3 and z — f(z) — =
is known to be Lipschitzian with Lipschitz constant L, then any algorithm must, in
the worst case, evaluate the function at at least (c(2P — 10)L)"~2 points, where c
is a positive constant. Specifically, they construct a collection of example functions
such that, when np is sufficiently large, any smaller number of function evaluations
will necessarily fail to distinguish between two examples that have different fixed
points.

Chen and Deng (2005b) embed the basic logical operations used to describe M
in the two player game they construct. Consider the application of this to Turing
machines M that express instances of PPAD that seek approximate fixed points of
continuous functions f : [0,1]" — [0,1]™. A polynomial (or merely subexponential)
time algorithm for 2-Nash would then yield a polynomial (subexponential) time
algorithm for such fixed point problems. This might happen because the algorithm’s
embedded “intelligence” was able to exploit special properties of functions f that are
described by small Turing machines, or because it embedded methods for generating
deep analyses of the Turing machines themselves. In view of the state of our toolbox
for analyzing Turing machines, this seems fantastical, but by the same token there is
currently little hope for a proof that it is impossible. In this slightly tentative sense
Chen and Deng’s result can be regarded as showing that there is no polynomial

(subexponential) time algorithm for 2-Nash.
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6 Lemke Paths from Lemke-Howson

The Lemke-Howson algorithm (Lemke and Howson (1964)) finds an equilibrium of
a two person game. It can be described geometrically as a path in the cartesian
product of the two agents’ simplices of mixed strategies consisting of pivots, where
each pivot holds one of the two mixed strategies fixed and changes the other mixed
strategy by passing from one endpoint of a line segment to the other. The path
alternates between the two agents, first changing one mixed strategy, then the other.
Thus, the odd numbered pivots trace a piecewise linear path in one simplex, while
the even numbered pivots trace a path in the other. This section shows that when
the Lemke-Howson algorithm is applied to the imitation game (A, I), the path in
the imitator’s simplex of mixed strategies is the path of the Lemke paths algorithm
applied to A.

We begin by describing the Lemke-Howson algorithm for a two player game
satisfying a general position condition. Let (A, B) be a two person game, where A
and B are m x n matrices. We index the rows and columns of A and B, and the
components o; and 7; of a mixed strategy profile (o, 7) € A™ x A", by the elements
of

Ji={1l,...,m} and Jo:={m+1,... , m+n},

respectively. For o € A™ the indices of the first agent’s unused strategies are the
elements of 0° := {i € J;1: 0; = 0}, and the indices of the second agent’s pure
best responses are the elements of & := argmax ¢ 7 (BT0o);. Similarly, for 7 € A"
let 7°:={j € J2: 7, = 0} and T := argmax;c 7, (A7);. The pair (c,7) is a Nash

equilibrium if and only if each pure strategy is either unused or a best response:
oc°UT=7 and 71°Uc=2.

For Wl,Zl C jl and WQ,ZQ C jQ set W = (Wl,WQ) and Z = (Zl,ZQ), and
define

SW,Z) :={(o,7) e A" X A": 6° =W, T=21,7°=Whs, 5 =Zs }.

Let
(W, Z)| := [Wh| + | Z1] + [Wa| + | Z2].
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We say that (A, B) is in general position if |0°| + [a| < m for all o € A™ and
|7°| + |7| < n for all 7 € A™. Throughout this section we assume that this is
the case, so that if (o,7) is a Nash equilibrium, then these inequalities hold with
equality and ¢°, 7, 7°, and & are pairwise disjoint.

The next result is analogous to Lemmas 3.4 and 3.5, with proofs that are similar

and consequently omitted.
Proposition 6.1. If (A, B) is in general position and S(W, Z) is nonempty, then:
(a) S(W,Z) is (m +n — |(W, Z)|)-dimensional;

(b) S(W', Z") is nonempty for all (W', Z") with W| ¢ Wy, O # Z| € Z, W} C
Wa, and O # Z5 C Zs.

Consider (W, Z) for which S(W, Z) # 0. If |(W, Z)| = m + n, then S(W, Z) is
a singleton (by (a) above) whose unique element, denoted by V (W, Z), is called a
vertex. If (W, Z)| = m 4 n — 1, then the closure of S(W, Z), denoted by E(W, Z),
is a one dimensional (again by (a)) line segment that we call an edge.

Each edge has two endpoints that are vertices. If V (W, Z) is an endpoint of
E(W’,Z'), then it must be the case that W/ C Wy, Z} C Zy, Wy C Wy, Zb C Zo,
and (W', Z")| = |(W,Z)] — 1. If, for example W{ = Wi \ {i} while Z] = Zj,
W4 = Wy, and Z = Zs, then we say that (W', Z') is obtained from (W, Z) by
dropping i from Wy. Suppose that V(W,Z) is a vertex. If (W', Z') is obtained
by dropping i from W; or W, then S (W', Z") is nonempty by (b) above, so that
E(W',Z') is defined. Similarly, if (W', Z') is obtained by dropping i from Z; or Zs,
then E(W', Z') is defined if and only if the resulting Z} and Z} are nonempty.

Fix an arbitrary § € J; U Jo. A vertex V(W, Z) is an -vertex if

(j1Uj2)\{§} CWiUZ1UWy U Zs.
An edge E(W, Z) is an 3-edge if
WiuZi UWoU Zy = (j1Uj2)\{§}

Clearly the endpoints of an 5-edge are 5-vertices; let é(E(W, Z)) be the two element

set containing these endpoints. Let
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where f/g is the set of 5-vertices and Eg is the set of s-edges. The set ég (with the
relationship between edges and vertices given by €) is an undirected graph. The
Lemke-Howson algorithm follows a path in Gs.

As in our analysis of the Lemke paths algorithm earlier, we give a taxonomy of
pairs consisting of an §-vertex and an S-edge that has that vertex as an endpoint.
For the sake of definiteness we assume that s € J;. By symmetry this is without
loss of generality.

We begin with those vertices in which the first agent’s strategy is d5. The
general position assumption implies that there is a unique pure best response to the
strategy dz: 0z = {t} for some t € Jo. If (65, 7) is an 3-vertex, then d; U7° = Jo,
and J2 \ {t} C 7° implies that 7 = &;. In turn general position implies that &;
has a unique best response: 0; = {i} for some i € J;. Then (Jz, ;) is the 5-vertex

V(W, Z) where
441 :Zl\{§}7 Z = {2}7 Wo :Il\{f}v Zy = {E}

What $-edges have (03,0;) as an endpoint?

If i = 5, so that (dz,9;) is a Nash equilibrium, then the only 5-edge that could
have (03,0;) as an endpoint is E(W’, Z') where (W', Z') is obtained from (W, %)
by dropping § from Z;. But S(W’,Z') = § because Z; = 0, so (Jz,;) is not an
endpoint of any S-edge.

Now suppose that i # 5. If E(W’,Z') is an 3-edge that has (ds,0;) as an
endpoint, then (W', Z’) is obtained from (W, Z) by dropping i from either W7 or
Zy. It (W', Z') is obtained by dropping i from Wi, then Proposition 6.1 implies
that E(W’ ,Z') is nonempty, but ¢ cannot be dropped from Z; without making it
empty. Therefore, there is exactly one $5-edge having (dz, J;) as an endpoint.

Now consider an 3-vertex (o,7) = V(W, Z) with ¢ # 85. If (0,7) is a Nash
equilibrium, then the only possibility for an §-edge with (o,7) as an endpoint is
E(W',Z") where (W', Z') is obtained from (W, Z) by dropping 5. There always is
such an $-edge because S(W’, Z') could not possibly be empty unless Z; = {5}, and
this would imply o = d5 because W7 = J; \ {5}, contrary to assumption.

If (o, 7) is not a Nash equilibrium, then the conditions

’Wﬂ + ‘Zg’ =1m, ’Zﬂ + ‘Wg‘ =n,and W1 UZiUWyU Zy = (jl Ujg) \ {5}
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imply that W1 U Z1 = 71 \ {§}, W U Zy = Jo, and, for some j, either:
(a) Wlﬂle{j} and WQQZQZ(D, or
(b) WiNZ; =0 and WgﬂZQZ{j}.

In case (a) there are two edges with (o,7) as an endpoint, namely E(W’, Z') and
E(W",Z") where (W', Z') and (W", Z") are obtained by dropping j from W; and Z;
respectively. In particular, note that j cannot be the unique element of Z; because
otherwise W1 C J; \ {8} would have m — 1 elements, and this can only happen if
o = 0z. Similarly, if (b), then there are two edges with (o, 7) as an endpoint, namely
E(W',Z") and E(W",Z") where (W', Z') and (W”,Z") are obtained by dropping
j from Wy and Zs respectively. In this case j cannot be the unique element of Zs
because Wy has at most n — 1 elements, Wy U Zy = 7o, and Wo N Zs = {j}. Thus,
in both cases (0, 7) is an endpoint of two S-edges.

In general, an edge E(W, Z) is horizontal if |Wi| + |Zs| = m and |Wa| + |Z1] =
n— 1. If [Wi| + |Zs| = m — 1 and |Wa| + |Z1| = n, then we say that E(W,Z) is
vertical. A horizontal edge is a cartesian product of a singleton in A™ and a line
segment in A", while a vertical edge is a cartesian product of a line segment in A™
and a singleton in A". Note that in the last of the cases considered above, namely
(0,7) is not a Nash equilibrium and o # 0z, one of the §-edges having (o,7) as an
endpoint is horizontal because it is obtained by dropping an element of Wy or Z1,
and the other is vertical, resulting from dropping an element of W1 or Zs.

Summarizing, if (dz,0;) is a Nash equilibrium, then it is not an endpoint of
any $-edge, and otherwise it is an endpoint of precisely one §-edge. Any other §-
vertex is an endpoint of precisely one or two S-edges according to whether it is or is
not a Nash equilibrium, and if it is an endpoint of two S-edges, then one of these is
horizontal and the other is vertical. Since the maximum degree of any vertex is two,
G; consists of isolated points, loops, and line segments. In particular, the (possibly
degenerate) path of 5-edges that begins at (03, d;) is unbranching, alternates between
horizontal and vertical edges, and cannot return to any s-vertex that it has already
visited. Because the set of s-vertices is finite, it must eventually arrive at a Nash
equilibrium. The Lemke-Howson algorithm follows this path.

There is such a path for each § = 1,... ,m and, by symmetry, for each § =
m +1,...,m +n. The path for 3 coincides with the path for # # 3 if (65, 6;) is a
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Nash equilibrium. Otherwise the two paths have distinct starting points, and they
cannot share any edges or any vertices that are not Nash equilibria.

We now specialize to the case of an imitation game, so henceforth n = m and
B = I. For a mixed strategy o € A™ for the mover, |0°| + [&] < m because
o ={i+m:i € argmaxy oy }. This implies that (A, I) is in general position if and
only if A is in general position in the sense described in Section 3.

Recall that Z := {1,... ,m}. Define d : J1 U Jo — Z by setting

. ja jejly
dij) =" ‘
J—m, J 6\72-

We continue to work with a particular § € J;. (Symmetry no longer implies that
this is without loss of generality, but it will be clear that the analysis for § € J5 is
similar.) Let s := d(§). The Lemke paths algorithm, as it was described in Section

3, has the following graph-theoretic expression. Let
Gs — (‘/37 Es)

where V; is the set of s-vertices and Ej is the set of s-edges. For E(X,Y) € Ej let
e(E(X,Y)) be the two element subset of Vs containing the endpoints of E(X,Y).
The Lemke path is the path of edges in G that starts at ds.

Our analysis relates the path in Gs starting at (dz,ds+m) to the path in Gy
starting at §;. This is possible because of the simple structure of the imitator’s best
responses. In particular, if (o,7) is a vertex in Vs or an element of a horizontal
edge in Ej, then |6°| + [6] = m, so 6°U{j—m : j € 3} = J; and o is the
uniform distribution on {j —m :j € g }. If (o,7) is an element of a vertical edge
E(W, Z), then o is an element of the line segment between the uniform distribution
on {j—m:j € Zy} and the uniform distribution on J; \ Wj.

The following four results describe in detail how ég and Gy are related.
Proposition 6.2. If V(W, Z) € Vs, then V(d(W),d(Z,)) € Vs.

Proof. Let V(W,Z) = (o,7). Then 7° = W5 and 7 = Z;, and general position
implies that m = |Wa| +|Z1| = |[d(W2)| + |d(Z1)|. Applying general position again,
S(d(Ws),d(Zy)) is zero-dimensional if it is nonempty, and it is nonempty because
it contains 7. Thus, 7 = V(d(Ws),d(Z1)) is a vertex.
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It remains to show that 7 € Vi, ie., T\ {s} C d(WyU Z1). We have
(JTU )\ {8} C WL UZ UWrU Zy

and |(W, Z)| = 2m, so d maps two elements of W1 U Z; U Wy U Zy to each element
of T\ {s}. In addition |Wi|+ |Z2] = m and d(W; U Z3) = Z, so d maps exactly
one element of W7 U Zs to each element of Z \ {s}. Therefore, d maps at least one
element of W5 U Z; to each element of 7\ {s}. =

The first part of the proof above is applicable to any vertex (o,7) = V(W, Z), so
such a vertex projects to a vertex 7 = V(d(W3),d(Z1)). Let 7y be the restriction
of this projection to Vi. Then the last results asserts that 7Tv(‘7§) C Vs. The next

step is to characterize the preimages of elements of V.

Proposition 6.3. Suppose V(X,Y)=pe V. If XUY =7 and s € X, then there
is a unique element of Vs that is mapped to V(X,Y) by my. Otherwise V(X,Y) is
the image of precisely two elements of Vs, and these are the endpoints of a vertical

edge.

Proof. Let T be p reinterpreted, via the bijection d|,, as a probability measure on

J2. Below we will construct various (W, Z) such that 7y (V (W, Z)) = p. Necessarily

all of these will have
Wy=r"=d ' (X)NF and Z:=7=d'(Y)NT%

in common. Let o be the uniform distribution on Z;.
First suppose that X UY = Z. One way to complete the definition of (W, Z) is
by setting

Wy = d_l(X) NH=N"\Z1 and Zy:= d_l(Y) NJ2= T2\ Wa.
Then ¢° = Wy and & = Zs, so V(W, Z) = (0,7) € Vs as desired.
Let (o/,7) = V(W’, Z') be another element of Vz with m(V (W', Z')) = V(X,Y).

Then Wy = Wy and Z| = Z;, and of course

(LU )\ {8} c WU Z uWju Z).
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Thus, J1\{5} C WjUZ{ and Jo = W3UZ). It cannot be the case that W{UZ] = T,
because this would imply that (W', Z") = (W, Z). In particular, it cannot be the
case that s € X, since then § € Z; because § € Jy. Therefore, § € Wy and § ¢ W/.
Since d(0’° UT’) = Z, necessarily Z is obtained by adding § +m to Zs. All this is
feasible: if Wi = Wy, Z] = Z1, W{ = W1\ {§}, and Z} := ZyU{S+m}, then we have
V(W',Z") = (¢/,7) € Vs where ¢’ is the uniform distribution on J; \ W{. Clearly
V (W, Z) and V(W', Z) are the endpoints of the vertical edge E((W{, Wa), (Z1, Z5)).
Now suppose that X NY = {i}. Given W5 and 77, if

WiuZi UWoU Zy = (‘71Ujg)\{§},
then either
Wi=d ' (X)NnJ and Zy=d '((Y\{iHU{sH)NT

or

Wi=d ' (X\{iPpNTJ and Zo=d (Y U{s})NTa.

Both of these possibilities do in fact, have associated $-vertices (o,7) and (o/,7),
where o’ is the uniform distribution on J; \ d=1(X \ {i}), and these are clearly the

two endpoints of a vertical edge. m

We now turn to the projections of edges in Fs. Proposition 6.3 describes the
situation for vertical edges, and the next two results characterize the projections of

horizontal edges.
Proposition 6.4. If E(W, Z) € E; is a horizontal edge, then E(d(W3),d(Z,)) € E,.

Proof. If (o,7) € S(W,Z), then 7° = Wy and T = Z;, so S(d(Ws),d(Z,)) is

nonempty because it contains 7. In addition, [(W, Z)| = 2m — 1,
WiuUZi UWoU Zy = (‘71Ujg)\{§},

Wil + |Z2| = m, and d(W; U Z3) = Z. Therefore, |Ws| + |Z1] = m — 1 and
dWa U Zy) =T\ {s}, so E(d(W>),d(Z1)) € E;. ®

Let mx be the function E(W, Z) — E(d(W3),d(Z;)) be the function mapping
horizontal edges in Eg to F.
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Proposition 6.5. 7g is a bijection, and my o € = eo wg.

Proof. Suppose E(X,Y) = ng(E(W, Z)) for some E(W, Z) € Es. Then it must be
the case that (W, Z)| = 2m—1, Wi UZ1UWoUZy = (L UT)\ {5}, |Wi|+]|Z2| = m,
d(Wy U Zy) = Z, d(Wy) = X, and d(Z1) = Y. The last two conditions imply
that Wo = d"Y(X)N J and Z; = d—1(Y) N Ji, after which it is easy to see
that the other conditions imply that W7 = J1 \ (Z1 U {§}) and Zy = Jo \ Wa.
Therefore, 7 is injective. For (W, Z) defined in this way, S (W, Z) is nonempty
because it contains (o, 7) whenever 7 € S(X,Y) and o is the uniform distribution
on Jy \ Wi, so E(W,Z) € Es. Thus, g is surjective. The endpoints of E(W, %)
are obtained by adding elements to Ws and Z1, so they must be mapped by 7y to
endpoints of E(d(W3),d(Z1)), and it is easy to see how to obtain each endpoint of

E(d(W3),d(Z1)) in this way. =

Taken together, these results give the following picture. Any path in G projects,
via 7y and 7, onto a path in Gs. Any path in G, “lifts” to a path in G; in the
sense that there is a path in G that projects onto it, and the lifted path is unique
up to vertical edges above the initial and final vertex of the given path in G4. In
particular, when 1 < § < m and s = d(§), then 0z, is the unique pure best
response to J; and the path in G; beginning at (05, 054m) Projects onto the path in
G beginning at ds. An analogous statement holds when m 4+ 1 < § < 2m.

An important consequence of this observation is that it provides a new proof of
a recent result of Savani and von Stengel (2004) concerning “long” Lemke-Howson
paths. Morris (1994) gives a sequence of examples of problems for which the length
of the shortest Lemke path is an exponential function of the size of the problem. As
Savani and Stengel point out, these paths can be interpreted as paths of a “symmet-
ric” version of the Lemke-Howson algorithm that only computes symmetric equilib-
ria of the derived symmetric game. The standard Lemke-Howson algorithm always
computes, very quickly, an asymmetric pure-strategy equilibrium of the bimatrix
game. The construction above is a method of passing from an instance of the Lemke
paths algorithm to an imitation game for which all Lemke-Howson paths project
onto Lemke paths of the given problem, so it automatically produces a sequence of
examples of two person games for which the length of the shortest Lemke-Howson

path is an exponential function of the size of the game.
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7 Short Paths in Geometric Games

In the recursive sequence (1) of Kakutani’s fixed point theorem we need to find
an [-equilibrium of an imitation game with a particular geometric derivation. In
this section we study such imitation games in more detail. Let L be an inner
product space of fixed dimension d. The geometric imitation game (A, I) induced
by z1,... ,Zm,Y1,--- ,Ym € L is the one in which the entries of the m x m matrix
A are a;; = —||z; — y;|*.

How rich is the class of geometric imitation games? As we have defined the
concept, if (A,I) is a geometric imitation game, then the entries of A are not
negative, so there are imitation games that are not geometric imitation games.
However, there is a less restrictive sense in which every imitation game can be
realized as an imitation game. We will say that m x m matrices A and A’ are
equivalent if it is possible to pass from A to A’ by some finite sequence of the
following transformations: (a) adding a constant to all entries in some column of
the matrix; (b) multiplying all entries by a positive scalar. We say that imitation
games (A,I) and (A',I) are equivalent if A and A’ are equivalent in this sense.
Equivalent imitation games have the same best response correspondence for the
mover, and consequently they have the same Lemke paths.

The dimension of (A,I) is the smallest d such that (A, ) is equivalent to the

imitation game induced by some 1, ..., Zm, Yi,... ,Ym € R%

Proposition 7.1. For any m x m matriz A the dimension of (A, I) is at most m—1.

Proof. Let ey, ea,... ,en, be the standard unit basis vectors of R™ and e := (1,... ,1)
in R™. Set z1 :=e1,... ,Tm := ep. Let p: R™ — R™ be the function
p(y) = (lly =1%o =Ny =zl

Let 7 be the orthogonal projection of R™ onto the hyperplane
H:={zeR™:e'2=0},

and let ¢ := 7o p. Obviously A is equivalent to a matrix A" whose columns are all
contained in H. It is easy to compute that the matrix of Dp(Ze) is 2(I — 2ee”). In
particular, if v € H, then Dq(%e)fu = Dp(%e)v = 2v. Applying the inverse function

theorem, for a sufficiently small neighborhood U of e/m there exist ¢ > 0 and
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Y, Ym €U N (%e + H) such that q(y1),. .. ,q(ym) are the columns of ¢A". Let
A" be the matrix whose columns are p(y1), ... ,p(ym). Because p(y) —q(y) is always
a scalar multiple of e, €A’ and A” are equivalent. Note that z1,... ,Zm,y1,--- ,Ym

are contained in the (m — 1)-dimensional hyperplane %e +H =

We now show that the Lemke paths of a d-dimensional geometric imitation
game are “short,” relative to m, if d is fixed but m is allowed to grow. Given the
work in the previous sections, we see that geometric imitation games in a fixed
finite dimensional space are a class of two person games in which the paths of the
Lemke-Howson algorithm are “short” and a class of symmetric games for which the
computational problem of finding a symmetric Nash equilibrium is in P. In this
sense the next result complements the work of of Savani and von Stengel (2004) and

Morris (1994) concerning “long” Lemke-Howson and Lemke paths.

Proposition 7.2. If L is a finite dimensional inner product space, then for an open
dense subset in L>™ of geometric imitation games the lengths of the Lemke paths

for the induced imitation games are bounded by a polynomial function of m.

Proof. We will use the terminology in the proof of Kakutani’s fixed point theorem.
By Proposition 3.7 if p € A™, then ¢ € p if and only if x; minimizes the distance
from z1,29,... ,Tm to Z;n:l piy;- Therefore, for an open dense subset of geometric
imitation games, |p| < d+ 1 for all p € A™, where d is the dimension of L. If p
is an element of an edge F(X,Y) € Es, then 7 is either Y or Y U {s}, and X UY
contains every index except s, so (X,Y’) is completely determined by Y. Thus, the
number of nonempty edges in E; is not greater than the number of d + 1 element

subsets of {1,2,... ,m}, which is bounded by a polynomial function of m. m

8 Concluding Remarks

We have given a new proof of Kakutani’s fixed point theorem that passes quickly
from the existence of Nash equilibria in two person games to the desired conclusion.
The two person games arising in this argument are imitation games, and the Lemke
paths algorithm provides a simple proof of Nash equilibrium existence for these
games.

The proof of Kakutani’s theorem is based on a new algorithm for computing

approximate fixed points. This algorithm and its variants seem interesting in them-
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selves and have attractive features that suggest they may be useful in practice.
Preliminary tests also show good performance, in terms of both speed and success
on problems for which other methods are infeasible. There is certainly a great deal
to do in the direction of understanding the behavior of these algorithms.

The study of imitation games has led to other interesting findings. The Lemke
paths algorithm has been displayed as the result of projecting the path of the
Lemke-Howson algorithm of a suitable imitation game. This allows one to pass
from a family of examples in which all Lemke paths are “long” to a family of
imitation games whose Lemke-Howson paths are all “long.” The geometric version
of imitation games have been shown to provide a class of games with “short” Lemke
and Lemke-Howson paths. These two observations provide additional insights on
the works of Savani and von Stengel (2004, 2006) and Morris (1994).

Several important equilibrium concepts have been shown to be of comparable
computational complexity, insofar as there are polynomial time reductions pass
between them. In McLennan and Tourky (2005) we use imitation games to give
simple proofs of results of Gilboa and Zemel (1989) that have also recently been
reproved by Conitzer and Sandholm (2003). In their work Codenotti and Stefanovic
(2005); Bonifaci et al. (2005); Codenotti et al. (2005) also use imitation games to
prove new computational complexity results. One may hope that in other ways
as well the imitation game concept will have a unifying and simplifying influence
on the study of computational issues related to two person games and the linear

complementarity problem.
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